Abstract In this paper we develop the point collocationbased method of finite spheres (PCMFS) to simulate the viscoelastic response of soft biological tissues and evaluate the effectiveness of model order reduction methods such as modal truncation (MT), Hankel optimal model and truncated balanced realization (TBR) techniques for PCMFS. The PCMFS is a physics-based meshfree numerical technique for real time simulation of surgical procedures. Since computational speed has a significant role in simulation of surgical procedures, model order reduction methods have been compared for relative gains in efficiency and computational accuracy. Of these methods, TBR results in the highest accuracy with an average error which is within 3.37% of the full model while MT results in the highest efficiency with a computational cost reduction of 54.2% compared to the full model.
Introduction
The goal of surgical simulation is to generate an immersive virtual environment where a human user can interact with virtual three-dimensional organ models in real time using his/her sense of vision as well as touch through specialized haptic interface devices [1] . We are interested in a special class of surgical procedures known as minimally invasive surgery (MIS) [2] where long slender instruments are inserted into the body of the patient through small incisions to perform the operation. Computational speed is a major driving factor in such simulations [1] . While the demand for accuracy is not as high as in simulation based engineering, it is dictated by the just noticeable difference (JND) of the human sensory system [3] . Hence novel computational algorithms are necessary which can deliver the high computational speeds at reasonable accuracy.
In [4] the point collocation-based method of finite spheres (PCMFS) was presented for real time surgery simulation. It is a meshfree numerical method (for a review of meshfree methods, see [5] ) in which discretization is performed using a set of nodal points with approximation functions compactly supported on spherical subdomains centered at the nodes. The point collocation method is used as the weighted residual technique where the governing differential equations are directly applied at the nodal points. Structural reanalysis techniques have been developed to generate computational algorithms that scale linearly with the number of degrees of freedom of the system [4] . However, all applications were limited to linear elastic tissue models.
Soft tissue behavior is complex, exhibiting both nonlinear and viscoelastic response. In [3] we extended the PCMFS method using a multiresolution computational scheme to simulate nonlinear response involving large deformations. However, a St. Venant-Kirchhoff type tissue model was used.
In this paper we apply the PCMFS technique, for the first time, to the solution of viscoelastic soft tissue response. The advantage of this method over traditional finite element methods is the elimination of expensive numerical integration and the flexibility offered by the shape functions which may intersect and overlap, unlike finite elements which are constrained to abut each other. Hence, there is no problem with the Jacobian becoming zero or negative. In addition, the PCMFS shape functions have higher order continuity than finite element shape functions and hence, unlike finite element shape functions, may be used with the strong formulation.
In previous literature, an adaptive method for modeling dynamic viscoelastic deformation in real time using an explicit finite element method was developed in [6] . In [7] a viscoelastic finite element formulation for the simulation of viscoelastic deformable objects was developed using a Maxwell solid model with a single memory parameter. In [8] a real time finite element model for the simulation of linear viscoelastic tissue behavior was proposed, and a pre-computation step for updating the viscoelastic response was used to reduce the computational cost.
In [9] a method for simulating viscoelastic solids in real time was introduced based on a parameter estimation method derived from physical measurements of real objects. In [10] a tensor-mass method for the finite element simulation of nonlinear viscoelastic mechanical deformations of biological soft tissues was developed. The material nonlinearity was introduced by local modification of the stiffness tensors while keeping the strain tensor linear and adjusting the Lame constants.
Some of these methods suffer from oversimplification or the use of nonphysical tissue models to improve computational speed. However, innovative numerical techniques for the solution of partial differential equations or the use of model order reduction methods have not been noted.
The PCMFS reduces the computational burden significantly by obviating the need for expensive numerical integration. Model order reduction (MOR) methods have been applied to PCMFS in this paper to increase computational efficiency. Model order reduction methods have been developed for large scale dynamical systems [11] [12] [13] where they are used to approximate the input-output behavior of the system over a certain range of operation using significantly smaller matrices. Exploiting a special initial/boundary value problem for surgical simulation (Sect. 2) we show that the input-output response corresponds to application of prescribed displacements and computing the force at the surgical tool tip, respectively. Model order reduction methods offer an excellent route to computing this input-output response eliminating a large number of degrees of freedom which do not have a significant influence on the output.
There are two major approaches for generating reduced order models for linear time invariant systems; moment matching [14] [15] [16] and truncated balanced realization (TBR) [17] [18] [19] . In moment matching techniques, the system is approximated by a smaller model by curve fitting the full model response. In TBR method, on the other hand, the input-output relation to the system response is considered to produce the reduced model. TBR produces a reduced model with good global accuracy and a known frequency domain L ? error bound [20] . However, it is computationally expensive. On the other hand, moment matching techniques produce higher order models but are less expensive [20] .
To the best of our knowledge, model order reduction methods have not been applied with collocation-based meshfree methods in the past. In this paper we will use the PCMFS method to simulate a linear viscoelastic material response and compare several MOR techniques, such as Hankel optimal method, modal truncation (MT), and TBR with the goal of finding the method that results in best computational speed with reasonable accuracy. For large deformations, soft tissue behavior is nonlinear. However, MOR methods for nonlinear problems is considerably more involved and will not be pursued in this paper.
In Sect. 2 a brief introduction to the PCMFS is provided and the initial/boundary value problem corresponding to surgery simulation is presented. In Sect. 3 the model order reduction methods are presented in the context of the PCMFS. Finally, in Sect. 4 several numerical examples in two-and three-dimensional analysis are considered. In this paper simple example problems have been chosen to compare the model order reduction methods in terms of speed and accuracy. Application to realistic surgical simulation problems is left as future work.
2 The point-associated finite field (PCMFS) approach for viscoelastic surgery simulation
In the PCMFS technique [4] computational particles are sprinkled on the computational domain ( Fig. 1) . At every node 'I' located at x I an approximation function is defined which is compactly supported on the sphere B I ¼ Bðx I ; r I Þ of radius r I centered at the node. The elastodynamic initial/ boundary value problem (Sect. 2.1) is solved using point collocation (Sect. 2.2). The moving least squares approximation functions, discussed in Sect. 2.3, are used for discretization and the discretized set of equations are presented in Sect. 2.4.
The elastodynamic initial/boundary value problem
During surgical simulation the surgical tool interacts with the portion oB u 2 of the body B with boundary qB. Homogeneous Dirichlet boundary conditions are prescribed on the portion oB u 1 of the boundary and tractions are prescribed on oB f (Fig. 1) . We are interested in solving the specialized strong form of the following initial/boundary value problem:
where r ¼ r x r y r z s xy s yz s zx ½ is the stress vector, u ¼ ½ u v w T is the displacement vector and € u denotes second derivative with respect to time.
T are the initial displacements and velocities, respectively. The surgical tool interacts with the portion oB u 2 of the boundary and prescribes a displacement field u tooltip which is a function of space and time. The displacement on the rest of the Dirichlet boundary oB u 2 ð Þ is assumed to be zero for the entire simulation period (T).
force. o e is a linear gradient operator and N is a matrix of direction cosine components ðn x ; n y ; n z Þ of the unit outward normal to the domain boundary which, for threedimensional analysis, have the following representation:
In the theory of linear viscoelasticity [21, 22] the stress can be divided into an elastic part and a viscoelastic contribution as ð10Þ E ? and E j are the elastic and viscoelastic Young's moduli, respectively, m is the Poisson's ratio and s j is the relaxation time constant with j = 1,…,M.
Point collocation
In the point collocation method [23, 24] the displacement solution u is approximated by u h and the governing partial differential equations are applied at the nodal points. The discrete set of equations is 
The use of smooth weight functions in (21) allows the higher order derivatives in (11) to be taken. The point collocation method obviates expensive numerical integration, but results in a nonsymmetric stiffness matrix.
The moving least squares approximation scheme
In PCMFS, the moving least squares [24] technique is used to generate the approximation functions. In this technique, the approximation u h ðx; tÞ of a variable u, using 'N' particles, is
where a J ¼ ½u J ; v J ; w J is the vector of nodal unknowns corresponding to the x, y, and z directions at node 'J' and
The nodal shape function matrix is
where the shape functions at node 'J' are generated using a moving least squares procedure and has the form
with
where P(x) is a vector of monomials, e.g., PðxÞ ¼ ½1; x; y; z ensures first order accuracy in 3D. We define a positive radial weight function W J ðxÞ ¼ Wðs J Þ 2 C s 0 ðBðx J ; r J ÞÞ; s ! 1 with s J ¼ jjx À x J jj 0 =r J at each node 'J' which is compactly supported on the sphere at node 'J'. In our work we have used a quartic spline weight function of the form
The discretized equations
Using the PCMFS approximation (17) the discretization of the strains and stresses are eðx; tÞ ¼o e HðxÞUðtÞ r 0 ðx; tÞ ¼C e o e HðxÞUðtÞ ð22Þ
Let us define a time discretization of the form ½0; T ¼ [ n2N ½t n ; t nþ1 ; t nþ1 ¼ t n þ Dt; Dt is the time step and N is an integer. It is straightforward to show [21] that the internal variables in (9) satisfy the following relation os to be constant through the time interval ½t n ; t nþ1 ; [22] (23) can be written as
where the superscripts n and n ? 1 indicate the variable value at time t n and t nþ1 ; respectively. Using (22) this may be rewritten as
where
. At time t nþ1 the first term in the LHS of (11) can be expressed using (7) as
Hence, using (22) and (25) o
which, in matrix form, is
Hence, the discretization of (11), using (17) and (28) is
with M ¼ qHðxÞ ½ x¼x I : For nodes on the boundary the discretized forms of (12) and (13) In state space form, the discretized equation
his À K his U n : uðtÞ is the input which, for our purpose, is unity. The matrix C relates the internal states and the output. Since we are interested in the reaction force at the tooltip,
The matrix D reflects the direct influence of the input force to the output, which is zero for our case since the reaction force is computed from the internal stresses and is not directly connected to any of the inputs.
Some model order reduction methods
In this section we will consider three linear model order reduction techniques: Hankel optimal model (HOM), MT and TBR, in the context of the PCMFS applied to the tissue viscoelasticty problem. There are different methods for how the reduced order system can be produced, one of the simplest ways is projection methods. The idea in model order reduction using projection is to find a low-dimensional subspace T in which the state vector X can be projected, i.e.
where T is a N9M projection matrix with M ( N; X is a N 9 1 original state vector, Z is a M 9 1 reduced state vector, and x is a N 9 1 vector which can be neglected.
Hankel optimal model
Hankel optimal model reduction tries to find a reduced system G r ðsÞ of the original system G(s) by minimizing the following Hankel norm [18] 
where GðsÞ and G r ðsÞ are the Laplace transforms of the original and reduced system, respectively, i.e.,
To define the Hankel norm we start by defining the observability and controllability gramians [25] of a system such as the one in (30). The controllability gramian measures the connectivity between the input and the internal states, XðtÞ; while the observability gramian measures the coupling between the outputs and the internal states.
The controllability and observability gramians, W r and W o respectively, are obtained by solving the following Lyapunov equations
where A, B, and C are defined in (30) and (31). The Hankel singular values are defined as
then defined as
The HOM reduction is one of the best reduction models available [26] . However, it has a cubic rate of growth of complexity which makes it impractical for large systems.
Truncated balanced realization
In TBR we consider a transformed basis Z ¼ TX; where T is a projection matrix. The resulting state space representation _ ZðtÞ ¼ÂZðtÞ þBuðtÞ YðtÞ ¼ĈZðtÞ ð42Þ
The resulting gramians are given by [17] Engineering with Computers (2009) 25:37-47 41
The idea behind TBR is to find the projection matrix T that makes the observability and controllability gramians for a system equal to each other and to the Hankel singular value matrix. Then the state space representation can be written as
where R is a diagonal matrix with the Hankel singular values, ; and The reduced model of order k is given by _ ZðtÞ ¼A 11 ZðtÞ þ B 1 uðtÞ YðtÞ ¼C 1 ZðtÞ ð45Þ
The idea behind this method is to equalize the coupling of energy from input to states and from states to outputs using the linear transformation T to make the observability and controllability gramians equal and ignore the states that have small coupling.
TBR produces a stable reduced model and has a frequency error bounded in the L ? -norm. However, the algorithm is expensive and it is not widely used for large systems.
Modal truncation
In MT the system transfer function is decomposed into a summation of simple systems that consist only of single real poles or a complex pair of poles. The reduced model is obtained by retaining the dominant modes. The usual approach of MT is to write A is the Jordan form by similarity transformation 
and retain the low frequency eigen values. While this approach is the simplest it is not obvious which modes might have the most influence on the system unless a detailed analysis of the system is performed.
Numerical examples
In this section we present several numerical examples illustrating the application of the various model order reduction methods in Sect. 3 to the elastodynamic problem in Sect. 2. In Sect. 4.1 we consider the deflection of isotropic elastic membranes and in Sect. 4.2 we present the example of a domain in 3D.
Elastic circular membrane
First we will consider an isotropic elastic circular membrane of unit radius, fixed at its boundary. The governing partial differential equation for the membrane out of plane deflection u(x, y, t) with the boundary and initial conditions are
All material properties were assumed to be unity. Figure 2a shows the displacement solution of the center of the membrane computed using PCMFS and compared with a finite element solution (ABAQUS Ò ) using 146 linear triangular finite elements. The PCMFS solution was obtained using 500 nodes distributed uniformly in the angular and radial directions. Figure 2b shows the convergence of the solution in the L 2 error norm of the displacement field defined as ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi R
when the PCMFS and the finite element methods are used. The PCMFS method is clearly less accurate than the finite element method for the same number of nodal points. However, since no numerical integration is used, the technique is much faster. For the same number of nodes as in FEM the PCMFS was able to cut the computational cost by 54%. As explained in the introduction, this slightly lower accuracy is permissible for simulation based surgical training scenarios in view of the enhanced speed. Figure 3 shows the frequency response for the full system compared with the reduced systems obtained using HOM, MT, and TBR, respectively. Since the transfer function is expressed in the frequency parameter, these plots are useful in indicating the loss of information in the reduced order models. Only 600 states were used in the model order reduction techniques compared to 800 states in the full PCMFS model.
From the figure it may be observed that the TBR performs the best in capturing most of the dynamics of the full system. HOM has a steady state error in the higher frequencies. Of the three methods, MT has the highest error and it is not able to capture the peaks in the frequency domain since the modes corresponding to these frequencies have been ignored through the reduction. Figure 4 shows the time in seconds used to solve the problem and relative error for each of the model order reduction techniques. The relative error is defined as
It is observed that TBR results in the lowest relative error compared to the full model while MT results in highest computational speed.
Viscoelastic square membrane
In the next example we consider a square membrane with sides of unit length fixed along the sides.
The boundary conditions are
The viscoelastic model in Sect. 2 was used with M = 1, E 1 ¼ 1:0; q ¼ 1:0c 1 ¼ 1 and s 1 ¼ 1:0 s: Figure 5 shows the convergence in the L 2 error norm of the displacement solved using PCMFS and FEM, respectively. ABAQUS Ò was used for the FEM simulation with linear triangular elements. Now we will look at the solution using different model order reduction techniques. The membrane is discretized using 200 PCMFS nodes, distributed uniformly, resulting in 400 degrees of freedom (i.e., the number of states is 400). The model order reduction methods use 200 degrees of freedom. Figure 6 shows the frequency response of the full system compared with and the reduced order systems.
It can be seen that the HOM does not perform well in the higher frequency regime while MT does not perform well at lower frequencies. TBR captures most of the dynamics of the system. However, it has a steady error at high frequencies. Figure 7 shows the time in seconds and error for each of the model order reduction techniques. As in the previous The bottom surface of the cube is fixed and a sinusoidal displacement is applied at the center of the top surface. All initial accelerations, velocities and displacements are set to zero. The viscoelastic dynamic response was calculated using a time step Dt ¼ 0:001 s for a total of T = 5 s. The Newmark time integration algorithm was used to approximate the accelerations and velocities. Figure 8 we plot the convergence of the solution in the L 2 norm using PCMFS and FEM. Linear tetrahedral elements were used in FEM solved using ABAQUS Ò and PCMFS with linear consistency was used.
The different model order reduction methods are compared for a full system model discretized using 1,000 nodes (i.e., 3,000 degrees of freedom). Figure 9a shows the frequency plots, compared with the full system, when the HOM reduction method is used to solve the problem. In Fig. 9b and c we show the frequency response for the full model and the reduced order models when the MT and TBR methods are used, respectively. The Hankel optimal norm method as well as the MT method performs poorly in the high frequency regimes as information is lost in the truncated modes. A trial and error method may be used to find the most important modes for the operating frequencies which would increase accuracy. Using TBR we were able to find the best reduced order model for the system that captures most of the dynamics even in the high frequency region. Figure 10 shows the time domain solution of the reaction force at the midpoint of the upper surface solved using the full PCMFS model and the reduced models obtained using the three model order reduction methods. Figure 11 we compare the relative error and solution times. The best accuracy was obtained using the TBR method while MT gave the lowest time required for the simulation.
Concluding remarks
In this paper we have developed a PCMFS approach for the solution of linear viscoelasticity problems that arise in the simulation of soft tissue response. In this technique an approximation is generated using the moving least squares method while the point collocation method is used as the weighted residual technique. The advantage of this method is that numerical integration is not necessary which allows efficient computations necessary for the simulation of applications such as virtual surgery. Model order reduction methods, used extensively in the field of large scale dynamical systems, have been applied to reduce computational costs. Three such techniques including Hankel optimal norm method, MT method and TBR method have been compared for their relative efficiency and computational costs. In Fig. 12 we plot the product of percent relative error and computational time for the three example problems presented in Sect. 4. A low value of this product indicates a method that performs the fastest with minimum error. Of the three methods tested, TBR emerges as the technique that results in the lowest value of this product while Hankel optimal norm method results in the highest value. While TBR gave the highest accuracy, MT method gave the least time requirement. HOM and TBR reduction methods are more mathematically involved, their Fig. 10 Time domain solution of the reaction force for the midpoint of the upper surface of the cube for the full system as well as different model order reduced system using the PCMFS approximation scheme computational cost is relatively high compared to MT. However, in MT it is not easy to decide which modes have the greatest influence on the output. In TBR the input output relation to the internal states is realized and all the states that are highly connected to the output are retained, which makes it more stable and accurate. HOM uses the past input to predict the future output and for a highly oscillating input the output will have a steady error as we have seen in the example problems in the previous section.
Whether TBR is indeed the best method for surgical simulation remains to be seen. We are currently developing large scale simulations involving realistic organ geometries obtained from segmented images of the Visible Human project dataset. The degrees of freedom associated with these simulations are orders of magnitude higher than the problems considered here. While the computational time for the evaluation of the system matrices increase linearly with the number of nodes, the solution time depends on the solver being used. 
